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Abstract 

We study domain-wall networks on the surface of q-stars in asymp- 
totically flat or anti de Sitter spacetime. We provide numerical solu- 
tions for the whole phase space of the stable field configurations and 
find that the mass, radius and particle number of the star is larger but 
the scalar field, responsible for the formation of the soliton, acquires 
smaller values when a domain-wall network is entrapped on the star 
surface. 
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1 Introduction 



Planar domain wall networks in theories with three or more vacua have been 
investigated in a series of papers, P] 121 El H] • Domain walls seem to have 
various applications especially in D-brane theories, 

The idea of 3-dimensional networks on spherical surfaces has been estab- 
lished in |7j and applied to the spherical surface of a "large" soliton star, [S] . 
"Large" soliton stars were investigated in a series of papers by Friedberg et 
al, P HOI HH U2j ■ In |E] it was found that there exist stable with respect to 
fission into free particles field configurations, corresponding to soliton stars, 
with a domain wall network on their surface. The pressure of the soliton 
acts as a stabilizing force to the domain wall network. The star mass is, in 
general, slightly larger in the presence of the above network, when the par- 
ticle number and the radius show a more complicated behavior, depending 
on the surface tension, the particle number etc. In it was discussed the 
entrapment of domain wall network on the surface of a soliton of any kind 
in the absence of gravity. In the same article, another kind of "stability" 
was discussed, namely the stability of the domain walls. It was found that 
only two of the five Platonic solids, cube and octahedron, can be realized 
on a spherical surface. Networks forming other solids would collapse to a 
single vacuum. So, from now on, when discussing domain walls we restrict 
ourselves to these two solids. 

In the present article we investigate the properties of q-stars E3 EH] , 
which are relativistic generalizations of q-balls, |T7j, that seem to play a spe- 
cial role in baryogenesis through flat directions of supersymmetric extensions 
of Standard Model, [IB]. Our purpose is to find numerical solutions to the 
coupled Einstein-scalar fields equations, and to calculate the mass, radius, 
particle number, and the value of the scalar field at the center of the soliton 
in the whole phase space. We compare our results with those obtained in 
the absence of the domain wall network, including in our figures the relevant 
results, and to the results of |8], referring to the other family of solitonic 
stars, and [T3] . We also investigate the soliton stability with respect to grav- 
itational collapse and to decay to free particles. 
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2 Domain wall network on the surface of q- 
stars 



We consider a complex scalar field, <f), with a global U(l) symmetry and a 
suitable potential U, coupled to a complex scalar field, ip, able to generate a 
network of domain walls, and to gravity. In order the ip field to be able to 
generate a domain-wall network, a 



a — 



term should be included in the action, where a is a constant, |H 13 El IH El • 

The action of the above configuration is: 



S 



d A x\J—g 



16ttG + " 



-U(cf>*<f>) - P 2 



c(/ - <P*4>W<P- 



v n 



(1) 



where A stands for the (negative or zero) cosmological constant and the 
constants /3, c and f will be determined later, n is an integer and v is a 
positive constant that can be absorbed in ip and does not affect the solutions. 
A Lagrangian with a potential of the form: 



1 - — 



admits solutions corresponding to a domain wall network. In our case we 
choose: 

0(p,t) = a(p)e— * . (2) 

The field configuration is spherically symmetric, so we can choose a spheri- 
cally symmetric metric: 



ds 2 



B(P) 



1 ^2 _j_ 1 /,,2 .2.1. ,2 .2 ,,;,,2 .),; .2 



dp 2 + p'dr + p 2 sin 2 $d V 2 



We define: 



(3) 



(4) 
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and make the following rescalings: 



p = pm , Cj = u/m , <fi = (f>/m , r = ep , 

(3 = f3/m 2 , f = f / m 2 , c = cm 4 ^ 

U = U/m 4 , W = W/m 4 , V = Vim 4 , A = - . , 

87rGm 4 



with 



e = V 8irGm 2 , 



a very small quantity for m ~ GeV. Quantities of the same order of magni- 
tude as e can be neglected. We also choose a rescaled potential: 



' t*i\21 2 f -i 2 i 4 



[/ = 0> ^1 - 0*0 + -(<WJ = a* ( 1 - ^ + -a 4 ) , (6) 

where we dropped tildes for simplicity 

We will now determine the proper values of /o and c regarding at present 
(3 = 0. Gravity becomes important when R ~ GM. If we regard that the 
scalar field a varies very slowly with respect to the radial coordinate then 
da /dp ~ e if we set m = 1. So, the Euler-Lagrange equation for the scalar 
field, dropping the tildes and the 0(e) quantities gives: 

a 2 = l + uB l l 2 . (7) 

The eigenvalue equation for the frequency can be obtained by integrating the 
equation of motion within the surface, where the scalar field varies rapidly 
from a o"o value at the inner edge of the surface, to a zero value at the outer 
edge. The result of integration is: 

V + W-U = 0, (8) 

which, in order to match with the interior solution, for which a' ~ e, gives 
for the eigen-frequency: 

,1/2 £-1/2 

uj = = , 9 

2 2' v ' 

where A SVLT , B sm denote the value of the metrics at the surface of the star. 
In the absence of gravity B(r) = 1 and, as one can find from eqs. [7| and 
u 2 = 1.5. When gravity is under consideration the situation is not too 
different, unless B{r) ^> 1. When B(0) — > oo the star collapses to a black 
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Figure 1: The radius of the q-star as a function of the frequency. Solid lines 
correspond to the case with domain walls and dashed to the case without 
domain walls, i.e. (3 = 0, included for comparison. The numbers within the 
figures denote the value of the cosmological constant A. The true cosmolog- 
ical constant is A x 8nGm 4 , according to eq. El 

hole. Excluding this case and regarding only stars in our discussion, we can 
set fo = 1.5, which means that, the quantity c(/o — 0*0)0*0 is zero inside 
and outside the soliton. The only region within which this quantity differs 
form zero is the very thin surface. The maximum value is at 



So we set: 

16 

c = y 

and the above quantity takes its proper maximum value: c(/o — 0*0)0*0|max = 
1. With these settings the field ip is exactly zero outside the soliton, approx- 
imately zero in the interior and maximum within the surface. 

We will now turn on the interactions between the two scalar fields. Let 
(3 2 = 0.01 so as to treat the additional interaction as a perturbation, which 
does not disturb significantly the system. The equation of motion for the 
field, dropping the O(e) quantities gives: 



The exact solution in the above equation is rather long and ugly, but if we 
substitute the value a 2 = 1.5 (holding true when B{r) ~ 1 and f3 2 <C) in the 




(10) 
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Figure 2: The value of the scalar field at the center of the star as a function 
of its frequency. 
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Figure 3: The mass of a q-star as a function of its frequency. 
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Figure 4: The particle number of a q-star as a function of its frequency. 
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Figure 5: The mass of the star as a function of its radius for asymptotically 
flat spacetime. The last stable field configurations with respect to gravita- 
tional collapse are at the top of the M = M(R) curves. 
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Figure 6: The ratio mass to particle number of the star as a function of the 
particle number of the field configuration, for asymptotically flat or anti de 
Sitter spacetime. For any curve, /3 2 = 0.01 holds. 

(3 2 a 2 combination, we find for a 2 : 



u 2 B + 16/373 
° =1 + V 1 + 64/373 ' 

which has the right limiting value for (3 — ► according to the eq. In- 
tegrating again the equation of motion within the surface, we find that the 
eigenvalue equation for the frequency, eq. |Hl remains valid. 

Within the soliton, the ip field is approximately zero. So, the total energy- 
momentum tensor is approximately the energy-momentum tensor for the 4> 
field, which takes the form: 

Tfiv = (M W) + {dM^AT ~ 9^[9 aP (d a cj>y {d P 4>)\ ~ 9»uU . (12) 

The Einstein equations are G^ v = StiGT^ — Ag^ u . The independent 
components, 00 and 11, take the following form, dropping the tildes and the 
O(e) quantities: 

4 — 1 A' 

j V^+v=- w/ - f/ - A ' ( i3 ) 

^--^ = W-U-A, (14) 
r 2 r B 

where U = a 2 — a 4 + 1/3<t 6 and W = Bu 2 a 2 and a is given by eq. [TT] The 
mass of the field configuration is given by the relation: 

M = A-nr M - A(r) - ^Ar 3 J , r -> oo . (15) 
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The particle number is denned as: 



N = / d 3 xj° , 



(16) 



with: 



f = ^gg^iWd^ - <j)d v (j>* 
For the interior, we take for the particle number: 



(17) 



L 



R 




(18) 



where R is the radius of the q-star. 

We will now prove that the energy and particle number contributions form 
the thin surface are negligible. At the exterior, the field is exactly zero, 
and consequently the ip field is zero, and, thus, no energy or particle number 
contribution arises from the exterior. The surface is of width of order mr x . 
For the moment we ignore our rescalings. Within the surface |0| ~ m and 
consequently U ~ W ~ m 4 . Also, the field varies from a certain value at the 
inner edge of the surface to a zero value at the outer, so V ~ (|0|m) 2 ~ m 4 . 
ip n /v n is of the same order of magnitude as c|0 4 |. Because c ~ 1, then 
c ~ m~ 4 . Because (3 2 ~ 10~ 2 , then (3 2 ~ m 4 10 -2 , which means that within 
the surface ip n /v n ~ lCT 2 m 4 . The ip field contributes to the total energy 
through the f3 2 terms of potential energy and the kinetic terms. The energy 
density arising from the f3 2 terms are of the same order of magnitude as (5 2 m A . 
If we repeat the discussion concerning the kinetic terms for the <fi field, the 
kinetic terms for the ip field are of the same order of magnitude as /3 2 m 4 . So, 
the total energy density from the surface (potential for both fields, kinetic 
from the temporal variation from the field and kinetic from the spatial 
variation from both fields) is ~ m 4 and the total energy stored within the 
surface is ~ l/(Gm). Within the interior the energy density is ~ m 4 and the 
total energy is ~ l/(G 3//2 m 2 ). One can see that -E sur f a ce ~ e-^mterior and thus 
the contribution of the surface to the total energy is negligible. The same 
discussion holds true for the particle number contribution of the surface. 
These steps reproduce the similar discussion holding true in the case of a 
"pure" q-star without any additional fields in the total action. 

We numerically solve equations El and El with boundary conditions 
A(0) = 1, A(r) = 1/B(r) = 1 — (l/3)Ar 2 , r — > oo and find the parame- 
ters of the q-star using relations IToTITHl and [TTJ 
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3 Concluding remarks 



In the present work we investigated the formation of q-stars with a domain 
wall network on their surface. All the field configurations are stable with 
respect to fission into free particles because the energy of the free particles 
with the same charge is smaller than the star mass. They are also stable 
with respect to gravitational collapse, as one can see from figure El 

We find that the radius, mass and particle number of the q-star are 
slightly larger when domain walls are trapped on the star surface. These 
results agrees with the estimation of 8j, concerning the total energy of the 
soliton. Radius and particle number of "large" soliton stars, investigated in 
jH] show a more complicated dependence on (3 2 , which is the new parameter 
differentiating the stars with domain walls from usual, "large" soliton stars. 
The results of larger radii and smaller values of the scalar field at the center 
of the star agree with the similar ones, obtained in [T3|, despite the absence 
of gravity. The same results hold true in asymptotically flat, as well as in 
asymptotically anti de Sitter spacetime. 

Unfortunately, one can not find an analytical relation connecting the mass 
and the particle number of the star, due to the highly non-linear character 
of the equations of motion. Instead, we use our numerical results, depicted 
in figure El in order to study the behavior of the soliton mass as a function 
of its particle number. From figure El one can see that our solutions are 
always stable with respect to fission into free particles, because the soliton 
energy is always smaller than the total energy of the free particles. For small 
values of the particle number, gravity is negligible. In the absence of gravity 
and for a large soliton the so called thin-wall approximation holds. It has 
been shown that for such solitons M = uoN plus some surface terms which 

are negligible in the above approximation, with uj = ( ^/U/a 2 J . As one 

can see, for the potential |oJ uo equals to 0.5. Numerical results show clearly 
that, for small values of the particle number, when gravity is negligible, the 
ratio mass to particle number equals to u. For larger values of the particle 
number gravity becomes more important and the negative potential energy 
contributed by the attractive gravitational force decreases the ratio M to N. 
From fig. El we also see that the above ratio is larger for smaller values of the 
(negative) cosmological constant. This reflects the repulsive character of a 
negative cosmological constant. The star decreases its mass so as to resist to 
the environment of the "negative" gravity induced by a negative cosmological 
constant. 
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